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This study intends to provide some updated empirical evidence
on Italian Education Returns through Quantile Regression. Such
a methodology enables us to explore the (Quantile Treatment) Ef-
fect of Schooling on the (shape of) income conditional distribution
(viewed as reflecting the distribution of unobservable ability), and
to analyze indirectly the education-ability interaction in the gener-
ation of human capital, and its effect on earnings. We obtain esti-
mates displaying a U-shaped pattern, i.e. higher returns at the high-
est and lowest quantiles of income, suggesting substitution among
human capital factors for low ability individuals, and comple-
mentarity for high ability earners. [JEL codes: C21, I20, J24, J31]
1. - Introduction
The results of several empirical studies on the relationship be-
tween the education of individuals and their income show that
better educated workers earn higher wages in the labor market
(Ashenfelter and Rouse, 1998; Card, 1995). Because of this styl-
ized fact, great interest and effort have been dedicated by labor
economists to studying schooling returns, both from a theoretical
and empirical point of view.
Although in economic literature the education acquiring de-
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comments and advice on this work.cision has been modeled (as an investment increasing individual
future income capacity), by addressing the aspects of education
endogeneity and heterogeneity across individuals (due to differ-
ences in ability, family background etc.) which characterize such
a choice (Becker, 1967; Card, 1994), there exist many meth-
odological problems in estimating returns to schooling as defined
in these models.
Common difficulties are represented by the possibility that edu-
cation is  observed with an error, and by the presence of a rele-
vant omitted variables kind of problem (ability is typically unob-
servable), inducing bias in the estimates. But the main problem
in estimating returns to education probably derives from the fact
that better educated workers might well earn higher wages not
because of the causal effect of additional schooling, but simply
because of their greater ability (Ichino, 2001). Thus, the estimat-
ed schooling coefficient in the regression of wages would not be a
(biased) measure of the causal relation between the two variables
but rather of their spurial correlation (Causality Identification
Problem). Hence the main difficulty in estimating schooling re-
turns concerns the fact that education (i.e. the explanatory vari-
able) and wages (i.e. the dependent variable) are jointly deter-
mined, since a real causal relation between the two is lacking.
Copious literature dealing with these issues has developed
(see Card, 2001 for a review; Card, 1995; Ichino and Winter-
Ebmer, 1999; and for Italy, Flabbi, 1997; Brunello and Miniaci,
1999; Brunello, Comi and Lucifora, 2001; et Al.). It mainly com-
prises empirical studies in which the average marginal return to
education is estimated by using Instrumental Variables Method-
ology (IV), under the assumption that the conditional distributions
of income simply shift when the level of schooling varies. Actu-
ally, this hypothesis might not hold. Moreover, an estimation of
the average marginal return to education may not summarize the
object of our study efficiently. The idea of estimating returns to
schooling by using Quantile Regression (Koenker and Bassett,
1978) progresses further to an analysis of individual returns at
different quantiles of income distribution. In fact, the effect of
education on income may well vary across individuals situated at
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quantile regression, it is then possible to check whether the con-
ditional distribution of income simply shifts when education
varies or whether there is also a scale effect, such that the entire
shape of the distribution changes. Since the conditional distribu-
tion of income tends to reflect the distribution of ability which
is unobservable, a further important point to stress is that a quant-
ile regression based analysis should be especially informative and
explanatory in terms of the relationship between individual abil-
ity and education, and the effects that their interaction displays
on wages, without imposing any restrictions a priori on it. More-
over, the sample quantile regression estimator may be interpret-
ed in terms of the Quantile Treatment Effect (QTE) rather nicely:
it measures, for each quantile τ , the variation in income required
to remain, after treatment (an additional year of schooling), at
the  τ -th quantile of the conditional distribution itself (provided
Rank Invariance
1 holds).
The purpose of this study is thus to emphasize the informa-
tive power of quantile regression methodology, when compared to
a standard OLS estimation for the average individual. On the one
hand, our work aims to provide some updated empirical evidence
on returns to schooling in Italy (OLS estimates are performed on
data drawn from Bank of Italy of 1993, 1995, 1998 and 2000. On
the other hand the central aspect is represented by quantile re-
gression estimates on these data.
In Section 2 we briefly present an endogenous model on the
education acquiring decision proposed by Card (1994), with a dis-
cussion of its implications on the OLS estimator. We also carry
out a brief survey of previous empirical studies on returns to
schooling, performed with Italian data, applying OLS and IV es-
timators. In Section 3 the theory on quantile regression is pre-
sented, with an interpretation within the returns to schooling
framework. We also review certain studies from international lit-
erature dealing with conditional income distribution through
P. GIUSTINELLI
51
1 The Rank Invariance assumption requires that the relative position of indi-
viduals in the distribution does not change after the treatment.
Quantile Regression Evidence, etc.quantile regression. Finally, in Section 5 we describe the data used
for the estimates, while in Section 6 the results are presented and
commented. The conclusions follow.
2. - Education Returns: Economic Theory and Econometric
Analysis
2.1 An Endogenous Model for the Education Acquiring Decision
An endogenous model for the education acquiring decision
was proposed by Card (1994), following Becker (1967). In this
model individuals make their educational choice through an op-
timization problem based on the comparison of the benefits and
costs of continuing to study. Earnings and costs are expressed as
functions of the years of schooling, and also embody some elem-
ents of individual heterogeneity. Each individual makes her school-
ing choice maximizing a utility function:
U(Y, S) = log(Y) – φ (S)
where S is the number of years of schooling, Y is the average an-
nual income of the individual, and φ (S) is her cost function. More
precisely, it is assumed that education induces individuals to ac-
cumulate human capital, and that workers endowed with more
human capital earn higher wages on the labor market. Thus, the
earning function is given by Y = Y (S), with Y' > 0 and Y'' < 0.
Human capital revenues increase when education increases, but
less than proportionally, as is true for all production factors.
The cost function φ (S) is strictly convex, i.e. the costs associ-
ated with education increase with the years of schooling at an in-
creasing rate. φ (S) embodies the direct monetary costs (tuition
fees, books, transportation etc.), the indirect monetary costs or op-
portunity costs (i.e. what the individual would have earned if she
had immediately entered the labor market), and the non-monet-
ary costs (e.g. psychological costs).
Provided that the utility function is globally concave in S,
there will exist a (unique) optimal number of schooling years,
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maximization problem:
(1)
where Y' (S)/Y (S) is the marginal rate of return associated with an
additional year of schooling, and φ '(S) is the marginal cost of a year
of education. The economic significance of the equilibrium condi-
tion is standard: the individual reaches her optimal education level
when the associated marginal benefits equal marginal costs.
To make the model operational, specific functional forms are
attributed to marginal returns and marginal costs respectively.
Card (1994) assumes that these two functions are linear and em-
body in their intercepts elements of individual heterogeneity:
(2)
(3) [φ '(S)]i = δ i(S)=ri + krS (kr ≥ 0)
Therefore the educational choice varies basically for two rea-
sons: 1) differences in ability, bi, create heterogeneity in the mar-
ginal returns to schooling of individuals; 2) differences in the li-
quidity constraints and in the monetary and cultural conditions
of families, ri, induce heterogeneity in the marginal costs faced by
the individuals.
These characterizations of marginal returns and costs associ-
ated with education imply specific functional forms for Y (S) and
φ (S) as well. Integrating (2) and taking logarithms, the earning
function is easily obtained:
(4)
According to this specification, ability affects the slope of the
   






























Quantile Regression Evidence, etc.earning function in such a way that, under homothetic prefer-
ences, individuals with higher ability will choose a higher level of
education
2.
The individual cost function is defined as:
(5)
where the heterogeneity element constitutes the slope of the func-
tion itself.
From the model we obtain the following expression for the
optimal education level:
(6)
with k = kb + kr.
Equations (6) and (4) together determine the joint distribu-
tion of earnings and schooling
3.
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2 On the contrary, if ability were inserted in the intercept, ai, the result would
be the opposite: in fact, individuals with higher income opportunities on the 
labor market, for each level of schooling, may well invest less in education, since
they would have higher opportunity costs of carrying on studying. In this case, we
should then interpret differently this heterogeneity component. CARD D. (1994), fol-
lowing HAUSE J.C. (1972), recalls the concept of “cognitive ability” (the ability of
an individual of re-elaborating and applying acquired knowledge; i.e. a form of
“working ability” that makes the individual earn higher income, independently of
her education and “school ability”). Unifying these two specifications, with an abil-
ity component both in the intercept and in the slope of the earning function, the 
final effect would be uncertain (a priori).
3 Empirical evidence (CARD D. and KRUEGER A.B., 1992; PARK J.H., 1994) shows
an approximately linear cross-sectional relation between log earnings and school-
ing. This circumstance would not seem to be consistent with equation (4), unless
kb = 0. In fact, although the relation implied by the model is quadratic, it is rea-
sonable to think that data generated by this model tend to follow a linear pattern.
On the one hand, the earnings-education relationship should be concave since once
bi is fixed, individuals with a lower discount rate should choose higher education.
On the other hand, since individuals with higher ability tend to study longer, such
a relation should display some degree of convexity. In conclusion, the earnings-
education relationship for the population as a whole is determined by the combin-
ation of these two effects, and it will tend to be more concave the smaller the vari-
ance of ability with respect to the discount rate variance.The marginal return to schooling computed at the optimal
education level is given by:
(7)
and represents the causal effect of education on individual earn-
ings
4. However, because of the Fundamental Problem of Causal In-
ference (Holland, 1986), it cannot be identified nor measured.
Rather, what we are able to identify is the average marginal return
in the population, representing a useful parameter which we can
compare with the OLS and IV estimators of the education returns:
(8)
Starting from the well known specification:
log(Yi) = α + ρ Si + ε i,
it is possible to show that the probability limit of the OLS es-
timator can be expressed as
(9)
which is clearly inconsistent for the average marginal return to
schooling. The bias is positive, since it is the product of two posi-
tive elements (λ  represents the fraction of the variance of S due
to the variability of b; while b
-
is surely greater than r -, because the
















 =+ − () 1
 















   























4 I am grateful to an anonymous referee for pointing out that it would seem
as we faced an aggregation problem, which in fact has never been explicitly arisen
in the relevant literature. The specifications that we actually estimate, eq. (31),
(both with the years of schooling and the educational dummies as regressors) and
the available data allow us to perform a cross-section estimation of the schooling
returns, which are average in the OLS case, and correspond to different quantiles
in the quantile regression case. As we previously noticed, although in economic
literature the education acquiring decision has been modeled by addressing the
individual heterogeneity aspects characterizing such a choice (BECKER G.S., 1967;
CARD D., 1994), there exist many methodological problems in estimating returns
to schooling as defined in these models.
Quantile Regression Evidence, etc.optimal level of schooling cannot be negative). Moreover, it will
tend to increase the higher σ
2
b with respect to σ
2
r (i.e. the higher
λ ), and the larger the difference (b
-
– r -). The term λ (b
-
– r -)i s   in-
terpreted as an endogenity bias due to the fact that individuals
with higher marginal returns (e.g. with high ability), or lower mar-
ginal costs (because less “liquidity constrained”), tend to study
longer. In other words, the OLS estimator of the coefficient of
schooling in the linear regression of wages is affected by the way
in which individuals, characterized by their ability and liquidity
constraints, are distributed in the population
5.
2.2 Ability Bias
Another problem in estimating education returns stems from
the presence of unobserved heterogeneity in the earning levels. In
literature the ability bias problem is addressed by including a spe-
cific individual component in the earning function (Griliches,
1977). Card (1994) introduces this aspect by adding an individual
intercept ai to the earning function itself:
(10)
The expression for the probability limit of the OLS estimator



























   




RIVISTA DI POLITICA ECONOMICA NOVEMBER-DECEMBER 2004
56
5 Provided that bi and  ri are negatively correlated, we will observe more fre-
quently individuals with high ability and not very stringent liquidity constraints, and
viceversa, i.e. individuals with high education and high income, or with low edu-
cation and low income. Consequently, the regression line will be positively sloped,
with a gradient increasing with the relative frequency of such observations.A correlation between ai e Si may basically exist for two rea-
sons: because ai is correlated with bi or with ri, i.e. the part of in-
come that individuals potentially earn because of their peculiar
(cognitive) ability is correlated with the determinants of (school-
ing) ability and of the discount rate, such as the financial and cul-
tural family background. Analytically, since:
(12)
the expression of the bias can be written as:
(13)
It can be reasonably assumed that ai and bi are positively cor-
related (σ ab> 0), while ai and ri are negatively correlated (σ ar < 0).
In particular, a positive correlation between ai and bi can exist if
ai represents a measure of the “cognitive ability” of the individual,
and if this kind of ability is correlated with the level of education.
On the other hand, a negative correlation between ai and ri may
result from the circumstance that individuals from the richest fam-
ilies have lower discount rates, or a natural aptitude to study
longer, and that these individuals tend in general to earn higher
incomes because of more favorable access to the labor market.
2.3 Explanatory Variable Observed with Error
Let us finally consider the possibility that the explanatory vari-
able “years of schooling” is observed with an error, i.e. the ob-
served schooling years (S
0
i) differ from the true education level (Si)
due to an additive error term:
S
0
i = Si + ε i
where  ε i has mean 0, variance σ
2
ε , and it is uncorrelated with





















ab ar − () [] =













Quantile Regression Evidence, etc.earnings  Yi. In this case the probability limit of the OLS es-
timator is:
(14)
Since it holds that:
the probability limit (14) can be rewritten as:
(15)
where the first factor is simply the probability limit of the OLS
estimator in the standard case, while the second one represents
the bias. It is then immediately possible to verify that such a bias
leads to underestimation of the parameter ρ ; in fact:
Taking into account all the problems concerning estimation
procedures, the expression for the probability limit of the OLS es-
timator will be:
(16)
where we can distinguish three sources of bias of the OLS es-
timator with respect to the average marginal return to schooling

































































































0 () = () []
()




6 1) the endogenity bias, λ (b
-
–r -); 2) the ability bias due to the pres-
ence of unobserved elements of heterogeneity in income levels,
3) the downward bias generated by measurement errors in the
years of schooling, θ 0.
2.4 The Returns to Schooling in Italy: Previous Works
In the second half of the 1980s and during the 1990s, several
empirical studies were carried out with the aim of estimating the
returns to schooling in Italy (in Table 1 the results from the main
estimates are presented). As Brunello and Miniaci (1999) observe,
the first estimates were based on heterogeneous, and not always
representative, data
7.
More recent studies, starting from the second half of the
1990s, make wider use of the SHIW data and perform IV esti-
mates of the returns to schooling for this country. Cannari and
D’Alessio (1995), using the SHIW data of 1993 (Banca d’Italia,
1993), and choosing family background variables as instruments,
obtain an estimate close to 7%, higher than the previous ones. Co-
lussi (1997) achieve an estimate of 6.6%, with the same data and
similar instrumental variables.











6 It is important to recall that the IV estimation procedure should not be af-
fected by these forms of bias. On the other hand, different instruments tend to
produce different estimates of the average returns for different subgroups of the
population (ICHINO A. and WINTER-EBMER R., 1999). In fact, an IV estimate meas-
ures the returns of those individuals that, in the context of the natural experiment
considered, are compliers, overestimating the average marginal return to school-
ing in the population, since such individuals have typically higher returns (dis-
count rate bias) (CARD D., 1994).
7 For instance, ANTONELLI G. (1985) estimates a standard Mincer equation by ap-
plying OLS on a regional data set; he obtains a return of 4.6%. The same result was
found by CANNARI L. - PELLEGRINI G. and SESTITO P. (1989), by using a larger sample
drawn by the SHIW of 1986 (BANCA D’ITALIA, 1986). LUCIFORA C. and REILLY B. (1990)
(on the basis of the ENI-IRI data on individual incomes) perform an OLS estimation
by gender, finding out that education returns for females were substantially higher
than for males.























































































































































































































































































































































































































































































































































































































































































































































































































































































8Flabbi (1997) estimates the returns to schooling for females
and males separately (SHIW data of 1991, Banca d’Italia, 1991),
using as instruments: the binary variable provincie, an indicator
of the presence of universities in the province of residence of in-
dividuals when they were 19; the variable riforme, constructed
considering as exogenous events the Italian school system reforms
of 1962 (compulsory lower secondary school) and of 1969 (open
access to university regardless of the kind of secondary education
qualifications attained). The IV estimates are 0.56 for women and
0.62 for men. Flabbi’s new result consists of a reversal of the “hier-
archy” in the estimates. In fact, the IV estimated coefficients
turned out to be higher for males, while the OLS returns, obtained
by Flabbi (1997), were 0.22 for women and 0.17 for men. Indeed,
the aim of Flabbi (1997, 1999) is to shed light on the “hierarchy”
issue, i.e. he wants to clarify whether the higher female returns
could be considered a stylized fact of the Italian labor market or
whether they depend rather on the estimation methodology ap-
plied. The author concludes that the usual hierarchy (i.e. higher
female returns) holds in general within an OLS estimation frame-
work, but it is not independent of the specification, while the hier-
archy is reversed by the IV estimates. One preliminary explan-
ation is that the bias affecting the OLS estimates conceals the true
relative ratio of the returns by gender. But a second explan-
ation is still possible, namely the reversal does not apply to the
entire sample, but only affects those with higher returns (e.g. com-
ing from poor families). The economic significance of this result
would then lead us to assume the presence of returns’ hetero-
geneity across individuals in the population and of by-gender pre-
market discrimination against women.
Brunello and Miniaci (1999) and Brunello, Comi and Lucifo-
ra (2001) use the SHIW data of 1993 and 1995 (Banca d’Italia,
1993; 1995) to estimate the education returns with instrumental
variables relating to family background (education and professional
position of parents), the school system reform of 1969, and (only
in the second study) to a measure of individual risk aversion.
Brunello and Miniaci (1999) arrive at an OLS estimate of
4.8%, and an IV estimate of 5.7% for the male households. Simi-
P. GIUSTINELLI
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Quantile Regression Evidence, etc.lar values are obtained by Brunello, Comi and Lucifora (2001).
Yet the IV estimates maintain the “hierarchy” displayed by the
OLS ones, i.e. higher returns for females, even on an IV basis.
3. - Earnings, Schooling and Ability: A Quantile Regression
Approach
3.1 Quantile Regression Estimator
The quantile regression model, introduced by Koenker and
Bassett (1978), extends the notion of ordinary quantiles in a lo-
cation model to a more general class of linear models in which
the conditional quantiles have a linear form.
Quantile regression is then a statistical technique intended to
estimate, and draw inferences about, conditional quantile func-
tions. Just as classical linear regression methods based on min-
imizing sums of squared residuals enable one to estimate models
for conditional mean functions, quantile regression methods offer
a mechanism for estimating models for the conditional median
function, and the full range of other conditional quantile func-
tions. A well known particular case of quantile regression is rep-
resented by the LAD estimator, proposed by Koenker and Bassett
(1978), which adapts the median to a linear function of regres-
sors, minimizing the sum of residuals’ absolute values.
LAD estimation is potentially attractive for the same reasons
that the median may be a better measure of location than the
mean: it always exist in the distribution, and it summarizes the
location of the distribution itself, even in presence of outliers, by
taking into account only the frequency with which the elements
appear in the ordered distribution. Analogously, quantile regres-
sion estimators are robust to the outliers among the observations
on the dependent variable, and turn out to be more efficient than
the OLS estimators when the error term is not normally distri-
buted. Moreover, from a computational (and aesthetic) point of
view, the quantile regression model can be expressed as a Linear
Program (LP), facilitating estimation and simplifying computa-
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8. Besides, it can be easily fitted into the Generalized Method
of Moments (GMM) framework, which turns out to be useful for
assessing the asymptotic properties of the quantile regression es-
timator. Finally, an important aspect of this methodology concerns
the fact that the estimates of different quantiles can be interpret-
ed as different responses of the dependent variable, to variations
in regressors, at different “points” of the conditional distribution
of the dependent variable itself
9.
The τ -th quantile regression is defined as:
(17) Qτ (yi|X = x) = x'iβ (τ)
where {xi|i = 1, ..., n} is a k × 1 vector of the i-th observation on
k regressors, and {yi|i = 1, ..., n} is the i-th observation on the de-
pendent variable. The process ui = yi – x'iβ has a cumulative dis-
tribution function Fu(·) and, by definition, Qτ (uτ i|x i) = 0. The quan-
tile regression estimator βˆ
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8 The representation of the minimization problem for the quantile regression
estimator (eq. 18) is reported in the appendix. For a more detailed treatment of
linear programming’s application to the context of quantile regression we refer the
interested reader to BUCHINSKY M. (1995), and to KOENKER R. and BASSETT G. (1978)
for a simple but enlightening bivariate example with five observations. Moreover,
all the relevant theory on LP can be found in HILLIER F.S. and LIEBERMAN G.J. (1990).
9 To  clarify the statement we refer to some application settings quantile re-
gression has been used in (see KOENKER R., 2003). For instance, quantile regres-
sion methods have been used in pediatric medicine to study the effect of demo-
graphic characteristics and mothers’ behavior on children’ weight, particularly be-
cause they allow one to focus the analysis on the lower tail of the distribution. In
fact, low birthweight is known to be associated with a wide range of subsequent
health problems, and has even been linked to educational attainment and even-
tual labor market outcomes. Another example is constituted by recent studies mod-
elling the performance of public school students on standardized exams as a func-
tion of socio-economic characteristics (like their parents’ income and educational
attainment), and policy variables (like class size, school expenditures, and teacher
qualifications), since it seems rather implausible that such covariate effects act so
as to shift the entire distribution of test results by a fixed amount.
10 In the appendix we recover the representation of quantile regression es-
Quantile Regression Evidence, etc.In light of such a representation, it is worth to underline the
quantile regression estimator’s property of being robust to the out-
liers in the observations on the dependent variable. The geomet-
ric interpretation of this result goes as follows: given a solution
βˆ
τ based on some observations {y, X}, as long as we move these
observations up or down leaving them on the same side of the
original τ -th quantile regression line (i.e. without letting the sign
of residuals ˆ uτ = y – Xβˆ
τ change), the solution itself is not altered.
Only the signs of residuals enter the estimation process; therefore,
the extremum observations affect the result depending on their
position relative to the estimated hyperplane, but how far above
or below it they are is not relevant. Moreover, like the OLS estim-
ator, the quantile regression estimator satisfies a certain number
of equivariance properties. In addition, the quantile estimator is
invariant to monotonic transformations
11. This property turns out
to be very useful in dealing with estimation of transformed mod-
els (which is not true for the OLS estimator)
12.
The minimization problem (18), we formulated above, can be
also rewritten as:
(19)
where sgn(α )=I(α≥ 0)–I(α < 0), from which the first order con-
ditions follow:
(20)
As we previously anticipated, considering them within the
Generalized Method of Moments (GMM) framework is useful for
assessing the asymptotic properties of the quantile regression es-
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timator as a solution to an optimization problem (eq. 18), starting from the anal-
ogous definition of quantile in the location model.
11 Given a monotone function h(·), it holds Qτ (h(Y)|x) = h(Qτ (Y|x)), while in
general E(h(Y)|x) ≠ h(E(Y|x)).
12 For a detailed treatment of these properties see KOENKER R. and BAS-
SETT G. (1978).timator  βˆ
τ . In particular, following Buchinsky (1995), we define
the moment function:
(21) ψ (xi, yi, β ) = (τ – 1/2 + 1/2sgn(yi – x'iβ τ )xi
which satisfies, under the assumptions of model (17), the or-
thogonality conditions:
E[ψ (xi, yi, β τ )] = 0
Although this moment function does not satisfy the differen-
tiability condition, it is possible to obtain the asymptotic distri-
bution (n →∞ ) of βˆ
τ , summarized by the following proposition
(Buchinsky, 1995):
PROPOSITION 1 If β τ is in the interior of Bτ , where Bτ is a com-
pact parameter set in  
k; Fuτ (0|x) = τ with probability 1, and Fuτ




p →  E[xix'i],
a positive definite matrix; then:
(22) √– n(βˆ
τ –β τ )
d →  N(0, Λ τ )
where:
(23) Λτ = τ (1 – τ ) (E [fuτ (0|xi)xix'i])
–1 E [xix'i] (E [fuτ (0|xi)xix'i])
–1
Sometimes in the context of quantile regression it is assumed
that the distribution of uτ i = yi–x'iβ τ does not depend on xi (so that
E(uτ i|xi) = 0). In this case (23) reduces to:
like in Koenker and Bassett (1978).
A possible method that can be applied to arrive at a consistent
estimate of this matrix is the bootstrap (in the empirical part of
this work we use this method in its non parametric version). Briefly,


















Quantile Regression Evidence, etc.let us consider a random sample (y ˜i, x ˜i), with i = 1, ..., n, generat-
ed by the empirical distribution function Fn(x, y). Let be βˆ ˜
τ the
bootstrap estimate of a quantile regression of y ˜i on x ˜i. If the pro-
cedure is repeated M times, obtaining βˆ ˜
τ1 ,…, βˆ ˜
τ B, we have that:
(24)
is the bootstrap estimator of the asymptotic variance of βˆ
τ .
3.2 Quantile Regression and Unobserved Ability
An important aspect of this methodology concerns the fact that
the estimates of different quantiles can be interpreted as different
responses of the dependent variable, to variations in regressors, at
different “points” of the conditional distribution of the dependent
variable itself. More precisely, the sample quantile regression es-
timator can be interpreted in terms of the Quantile Treatment Ef-
fect (QTE): it measures, for each quantile τ , the income variation
required for staying, after the treatment, at the τ -th quantile of the
conditional distribution (provided the Rank Invariance assumption
is met). Hence, quantile regression methodology constitutes a more
flexible approach for characterizing the effect of education on dif-
ferent quantiles of the income distribution, for analyzing the rela-
tion between ability and education, and the effects that their inter-
action displays on incomes.
In Section 2 we showed that unobserved ability induces het-
erogeneity in the conditional distribution of income, by affecting
both the intercept and the slope of the earning function (10). Let
consider now a more general specification for the Mincer equa-
tion, following Arias, Hallock and Sosa-Escudero (2001):
(25) ln(Yi) = α Xi + β 0Si + φ (Si, vi) + vi
where Xi is a vector of control variables (such as the age of indi-
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tion-ability interaction, while vi is an idiosyncratic term including
also the unobserved ability: vi = γAi + ε i. This specification corres-
ponds to (10), with ϕ = biSi – 0.5kbS
2
i and γAi = ai.
Let consider now the case in which the interaction term is
simply ϕ = δ AiSi, so that returns are given by:
(26) ∂ln(Yi)/∂Si ≡β i = β 0 + δ Ai
where δ captures the effect of ability on education returns. If δ <
0, the returns decrease when ability increases, and viceversa. This
leads to a model with random parameters, such that the OLS es-
timator, applied to (25), provides a consistent estimate of:
(27) ∂E (ln(Yi)|Xi, Si)/∂Si = β 0 + δ A ¯
which is the return to schooling for an individual with average
ability, or the so called Average Treatment Effect. A drawback of
this approach is that it relies on restrictive parametrizations of
the schooling-ability interaction. For instance, model (26) pre-
supposes that β i is a monotonic function of ability.
By considering Si as exogenous, and the restriction on the er-
ror term Qτ (vi|Si) = 0, the education effect on the τ -th condition-
al quantile of Yi is given by:
(28) ∂Qτ (ln(Yi)|Xi, Si)/∂Si = ∂ln (Qτ (Yi)|Xi, Si)/∂Si
(29) = β 0 + ∂Qτ (ϕ(Si, vi)|Xi, Si)/∂Si
(30) = β 0 + Gv
–1 (τ |Xi, Si) ≡β τ
where Gv is some transformation of the ability distribution in the
population, and β τ can be considered as a measure of the QTE of
education on incomes, given τ∈ (0, 1)
13. Quantile regression for
different values of τ leads to the estimation of an entire family of
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13 In the case of the specification (26), equation (30) becomes ∂ln (Qτ (Yi)|Xi,
Si)/∂Si ≡β τ = β o+ δ Qτ (Ai).education returns reflecting the distribution of ability across indi-
viduals. The interaction between education and ability can then be
analyzed comparing β τ for different quantiles τ k and τ s, with k ≠ s.
3.3 Quantile Regression and Income Distribution in International
Literature
Many studies have been recently conducted with the aim of
analyzing the conditional income distributions of different coun-
tries by using quantile regression: for instance, Arias, Hallock and
Sosa-Escudero (2001); Buchinsky (1994); Mwabu and Schultz
(1996); Martins and Pereira (2004); Fitzenberger and Kurz (2003).
In particular, Buchinsky (1994) analyzes changes occurred in
the structure of wages in the US during the last decays through
quantile regression, by using the Current Population Survey (CPS)
data (finding higher inequality of incomes on the one hand, even
after controlling for individual characteristics; and higher returns
on schooling and experience on the other hand). According to
the author, it turned out to be essentially important to examine
the dynamics at different points of incomes’ distribution, since,
while wages had generally increased with education at all quant-
iles of the distribution, the differences in changes had been much
higher at some specific quantiles (for instance, the increase in
education returns was stronger at the higher quantiles of the dis-
tribution).
Such a pattern is found also by Martins and Pereira (2004),
who estimate returns to schooling for 16 European countries, with
the purpose of analyzing the behavior of income variations at dif-
ferent points of its conditional distribution, when education in-
creases. In other words, by applying quantile regression they com-
pare the returns for individuals with different ability, attempting
to shade light on the effect of education on wage inequality. The
stylized fact that emerges from their study is that education re-
turns are higher at the highest quantiles of the conditional dis-
tribution of income (in line with Buchinsky, 1994). Sweden is tak-
en as a typical example of this evidence while Greece represents
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68an exception, since for the latter country estimates follow an op-
posite pattern. Martins and Pereira (2004) also estimate education
returns for a sample drawn from the 1995 SHIW data (Banca d’I-
talia, 1995). Their estimates (which are quite similar to ours for
that year, given an identical specification and similar criteria for
building the sample) show a U pattern which however the authors
fail to mention. Hence the results show that more able workers
(who earn higher hourly wages, conditionally on their individual
characteristics) are associated with higher increases in income due
to a higher level of education. Martins and Pereira (2004) basically
propose three explanations for this evidence.
The first is related to the so called “over-education” phenom-
enon, due to the presence of situations in which highly educated
workers are employed in low ability jobs, and are consequently
paid low wages. Hence the more the lower tail of the income dis-
tribution of high ability workers is populated by over-educated in-
dividuals (i.e. high-skilled individuals for low qualified jobs), the
lower the returns will be at the low quantiles of the income dis-
tribution.
A second explanation concerns ability and its interaction with
education. In fact, the role played by ability heterogeneity, given
a certain level of education, tends to become more important in
wage terms when education increases.
The last explanation relies on the presence of quality hetero-
geneity within school systems or across different educational paths
(actually the Mincer equation represents a natural instrument with
which to control for the quantity of education, but not for its qual-
ity). It may be the case that individuals positioned in the lowest
part of the distribution are those who received a low-quality edu-
cation or that attended (ex-post) school courses leading to low-
paid jobs. Moreover, such differences should prevail at higher edu-
cational levels, characterized by a wider variety of educational
paths and, eventually, types of degree.
Mwabu and Schultz (1996) apply quantile regression in order
to estimate schooling returns by race in South Africa and try to
explain the existing differences. In particular, if we consider the
quantile regression residuals as reflecting unobserved ability, they
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mentarity/sostitutability between ability and education as worker
productivity increases. Mwabu and Schultz (1996) find that among
highly educated whites the returns to schooling increase with in-
come deciles and interpret this evidence in terms of complemen-
tarity between ability and education. Conversely returns on at-
tending high school turn out to be negatively correlated with in-
come deciles (i.e. education and ability appear to be substitutes,
at least for less able individuals). Returns for Africans with low
education (primary school) decrease with income deciles, indi-
cating substitutability; while the high school estimates tend to fol-
low a non-linear (actually convex) pattern. Finally, an irregular
pattern is displayed by estimates relating to tertiary education.
4. - Quantile Regression Evidence for Italy
4.1 The Data
The data we used to build our samples have been drawn from
several waves of the Survey of Household Income and Wealth of
the Bank of Italy (SHIW of 1993, 1995, 1998 and 2000). Tables 2,
3, 4 and 5 show descriptive statistics for the main variables used
in the estimation, and for the other variables of interest. This ap-
plies to each year considered; women and men are examined sep-
arately.
The samples are composed of employees between 14 and 60,
not employed in the agricultural sector. Only men working full-
time are considered, while both full-time and part-time female
workers are included.
Some preliminary observations on the variables:
1) The years of schooling of individuals are reconstructed
starting from the highest educational qualification. (A 0 is as-
signed to those who failed to complete primary school). From
1995 the classification of educational degrees became more pre-
cise, and the following categories were added to the survey: vo-
cational high school (3 years) and first degree (3 years). More-
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.over, from 1995 the survey gathered information relating to the
type of high school diploma and university degree that individ-
uals obtained. The latter information allowed us to assign the 
exact number of years of study to graduates in different subjects;
2) The variables for educational levels (primary school, secondary
school, tertiary studies), the occupational status of the individual
(blue collar) and that of her father, part-time employment, self-
employed status of the father and the non-working status of the
mother are binary variables. For the years 1995, 1998 and 2000
those who attained a vocational high school degree are included
in the variable high school, while all individuals with a univer-
sity degree (laurea breve, laurea and post-graduate degree) are
grouped in the variable tertiary education; 3) Potential experience
is computed as age minus years of schooling minus 6 (since in
Italy compulsory school starts at 6 years of age); 4) The average
number of hours worked per week includes overtime; 5) Annual
income is net of taxes and social security contributions; 6) The
hourly net wage is defined as (net annual income)/(months
worked * hours worked per week * 4).
By examining the Tables 2, 3, 4 and 5 we observe that the
average age of women is between 37 and 39 (increasing over time),
while it is close to 40 for men. Years of schooling are higher, on
average, for females (11-12 years) than for males (10-11 years),
and tend to increase over time. The pattern of the educational
dummies obviously reflect that of the years of schooling. In par-
ticular, the percentage of individuals (both females and males) at-
taining a high school diploma or a degree has been increasing
over the years, and that of individuals with only a primary school
education has been decreasing. As far as working hours are con-
cerned, we observe that part-time employment is still a marginal
phenomenon, but it is growing (from 11% in 1993 to 16% in 2000).
Men tend to work for a higher number of hours, on average, than
women, even after excluding part-time female workers. Men have
substantially higher net annual wages than women, but the gap
tends to decrease when considering hourly wages; this gap has
furthermore been decreasing over the years.
Information about family background has been available since
P. GIUSTINELLI
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Quantile Regression Evidence, etc.1993. On average, we note the presence of a certain degree of
intergenerational persistency both of education and professional
status, particularly for women: in fact, conditional on being (on
average) more educated than men in the samples, they tend to
have more educated parents, while men have in general a higher
percentage of blue collar fathers and non-working mothers.
4.2 OLS Estimates of the Education Returns (Years of Schooling)
The first estimate we perform on the data presented is an OLS
estimation of the following Mincer equation (Mincer, 1974):
(31) ln(wi) = α + β Si + γ1Xi + γ2X
2
i + ε i
where ln(w) is the logarithm of the net hourly wage, S are the
years of schooling, X is potential experience and ε is the idiosyn-
cratic error.
The OLS estimates of education returns for all the years con-
sidered (1993, 1995, 1998 and 2000) are shown in the last column
of Table 6, taking women and men separately. The regression for
the female samples also includes the dummy partime, which takes
value 1 if the woman works part-time and 0 otherwise. In Table
6 the Heteroskedasticity Standard Errors (HCSE) are reported
(given the results from the Breusch-Pagan test of heterokedastic-
ity that lead us to reject the null hypotesis of homoskedasticity;
see Table 7).
The estimated coefficients are as follows: 8.7% (1993), 7.5%
(1995), 6.2% (1998) and 6.1% for women; for men we obtained:
6.7% (1993), 6.6% (1995), and (approximately) 6% (1998 e 2000).
Hence we notice that the estimates for women’s returns are high-
er than those for men. The same result was found by Brunello,
Comi and Lucifora (2001) for a similar sample of individuals. Ac-
tually, the intercepts, which represent the log-wage of a full-time
worker with no education and no potential experience, are higher
for men; moreover, the gender gap tends to reduce over the years.
Flabbi (1997), (1999) focuses on the gender difference issue,
proposing some possible interpretations for the empirical evidence
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.he finds and outlining the dependence of the results on the ap-
plied estimation technique (OLS, OLS with Heckman’s correction,
IV). A possible interpretation of the higher female returns (in the
light of Card’s model) may depend on the presence of a larger abil-
ity bias of the OLS estimator in the female samples. Assuming that
the measurement errors on the explanatory variable “years of
schooling” affect women and men in the same way, and that b ¯ e r ¯
do not differ, in principle, for females and males, we ask whether
it is reasonable to think that there exists a stronger negative cor-
relation between abilities (ai and bi) and liquidity constraints for
women, and a stronger positive correlation between ai and bi them-
selves. A negative correlation between individual ability and liquid-
ity constraints can be easily justified, provided that there exists a
certain degree of intergenerational persistence of ability. In such a
situation more able parents choose higher levels of education, earn
higher incomes and have more able daughters on average. Hence,
in the daughters’ generation the most skilled individuals tend to
have parents with the highest incomes. In so far as the parents’
higher incomes reduce the daughters’ liquidity constraints, in the
former’s generation the most able individuals will have lower mar-
ginal costs of education. Looking at the descriptive statistics this
seems a plausible assumption, since women have higher education
on average, and (on average) higher educated parents. Moreover,
the percentage of women with a blue-collar father and/or a non-
working mother is lower than the correspondent percentage in the
male samples.
5. - Quantile Regression Estimates of Education Returns
(Years of Schooling)
In Table 6 the quantile regression estimates for the mincer-
ian specification are presented. More precisely, they are the esti-
mated coefficients for the female and male education returns at
7 quantiles of income distribution τ = {0.05, 0.10, 0.25, 0.50, 0.75,
0.90, 0.95}, for the four considered years. The values for the boot-
strap standard errors are also presented. In Graph 2, each plot
P. GIUSTINELLI
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0.2 0.4 0.6 0.8
taudepicts the estimated education coefficient of the relative sample
in the quantile regression model. In particular, the dotted solid
line represents the point estimates, with the hatched lines tracing
out a 90% pointwise confidence interval. Superimposed on the
plot is a dotted line, representing the OLS estimate of the mean
effect, with its 90% confidence interval. In Table 7 the results for
the heteroskedasticity and symmetry tests (Buchinsky (1995,
1998)) are shown. The p-values lead the null hypoteses of homo-
skedasticity and symmetry to be rejected for all samples.
The estimates, initially high at the lowest quantiles (τ  = 0.05),
tend to decrease for those individuals staying below the first quart-
ile of income distribution (τ = 0.25), then they continue to in-
crease, finally stabilizing at the highest quantiles of the distribu-
tion (τ = 0.90, τ = 0.95). Moreover, the OLS estimate of the aver-
age effect is generally a value corresponding to the estimate for
0.50 < τ < 0.75, i.e. the average marginal return to schooling is
usually higher than the estimated return of the median income
earner. Higher returns for women are confirmed. Moreover, we
notice different behavior of the estimates for female and male
samples. On the one hand, the estimates for men that stay at the
lowest quantiles of the distribution are, in fact, much further
below the OLS level, and outside its bandwidth, than the estimates
for females; on the other hand, the estimates for male samples in-
crease faster than the female ones, particularly at the highest
quantiles. Let us recall the meaning of a quantile regression esti-
mate of education returns. For each quantile, the years of school-
ing coefficient tells how much the individual log-wage should in-
crease in order for the individual to maintain that quantile in the
wage distribution after studying one year longer (i.e. after receiv-
ing the treatment). For instance, looking at the second row of
Table 6 (sample of 1995) we read that the log-wage of a worker
at the median quantile of the log-wage distribution itself (τ = 0.50)
should increase by 7.35% in order to maintain the median quant-
ile in the distribution of workers with an additional year of edu-
cation. Thus, estimates tell us that increments in income for in-
dividuals located at the lowest and the highest quantiles of the
distribution should be higher for them to maintain their income
P. GIUSTINELLI
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that the shape of the conditional distribution of income changes;
or, to be more precise, there is not only a shift effect on earning
distribution, but its shape also varies with education.
It is also possible to interprete the results in terms of substi-
tutability/complementarity between education and ability. By in-
specting of Graph 2, the decreasing returns for the lowest quant-
iles (i.e. for the low ability individuals) show a certain degree of
schooling-ability substitutability. But the relationship between the
two factors tends to become of complementarity at the high quant-
iles (i.e. for high ability individuals).
5.1 OLS Estimates of Education Returns (Educational Dummies)
In some schooling systems — including the Italian system —
additional investment in education that does not lead to the award
of a degree might not grant additional labor market returns. Thus,
in order to address this issue we use educational dummies rather
than years of schooling in the earnings specification. More pre-
cisely, we estimate the (OLS and quantile) regressions of the log
net hourly wage on the binary variables “junior high”, “high
school” and “tertiary education”, controlling, as before, for po-
tential experience and its square, and maintaining the variable
“partime” for females. The results for the OLS estimates are shown
in the last column of Table 8. The estimated coefficients of the
educational dummies should be interpreted as differentials with
respect to the baseline return accruing to individuals with no
school or with only primary school. For example, a male employee
with a high school degree earns, on average, 48% more than a
male employee with the same potential experience belonging to
the reference group in 1995. The pattern of the estimated returns
by educational level confirms that there is a monotonic (positive)
relationship that links returns to education to the highest level of
education attained.
Moreover, we find that in 1993 returns to education are high-
er for female employees than for males; in 1995 they tend to de-
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.crease; while in subsequent years estimated returns for males be-
come higher than those obtained for the female samples. We also
notice that the estimated returns of female workers follow a de-
creasing pattern over time.
5.2 Quantile Regression Estimates of Education Returns (Educa-
tional Dummies)
The quantile regression estimates of the educational dummies
are presented in Table 8 and plotted in Graphs 3 and 4. Within
this specification the estimated coefficients should be interpreted
(for each quantile) as the percentage increment of the log-wage
that an individual with at most primary education should receive
to maintain her quantile on the wage conditional distribution, if
she attained a junior high school diploma, a high school diploma
or a degree, respectively. Upon inspection of the tables we notice
that, in general, education returns are higher for females than for
males, at each educational level, although the gap in favor of fe-
males tends to vanish between 1998 and 2000, when we find high-
er returns for male employees, at least at the highest quantiles.
Moreover, new aspects come out by controlling for educational
levels, that we were not aware of from the previous specification.
In fact, from the figures it immediately emerges that the estimated
coefficients of junior high fall within the OLS bandwidth, for al-
most every quantile and sample, i.e. these estimates display little
variability across quantiles. In terms of the education-ability re-
lationship, the two factors do not seem to display any particular
pattern across quantiles. Only in 2000 do the estimates tend to
decrease when the quantile increases, calling for substitutability.
The pattern changes however when we analyze the estimated
coefficients of high school and tertiary education. As far as the
first is concerned, we observe a convex shape of the estimates
across quantiles, similar to that of the estimates for years of
schooling. In other words, at the lowest and the highest quantiles
individuals need (ceteris paribus) a higher increment in wage
(with respect to the median earners) to maintain their quantile on
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5the earning distribution of individuals with a high school diplo-
ma. Thus, we conclude again that the shape of the conditional
distribution of earnings for individuals who attained a high school
diploma is different from the conditional distribution of those with
only primary education. Finally, we can interpret this pattern for
the estimates in terms of substitutability between education and
ability at the first quantiles, and in terms of complementarity at
the highest quantiles.
The estimated coefficients of the variable “tertiary education”
display variability across quantiles too, following an increasing
pattern when the quantile increases. This suggests complemen-
tarity of factors. This is particularly evident for 1995 and 1998
and, in general, for male samples. For female employees the pat-
tern of the estimates tends to be more convex, with very high 
values at the lowest quantiles (τ = 0.05 and τ = 0.10), similar or even
higher than the ones corresponding to the highest quantiles (τ =
0.90 and τ = 0.95); while for men an increasing trend prevails.
There is an exception in the behavior of estimates in 2000, when
the pattern is quite convex for the estimated coefficients of males,
and the estimates for women decreasing across quantiles (substi-
tutability).
Another interesting point is that in the female sample in 1998
we observe the flattest behavior of the estimates (see variables
“junior high” and “high school”) and the highest drop in the mar-
ginal returns for women. In 1998 a certain variability across quant-
iles is displayed only by graduate female workers. In particular,
estimates are higher at the highest quantiles (complementarity).
6. - Conclusions
With this study we intend to provide an update of the em-
pirical evidence on returns to schooling in Italy (using the SHIW
data of the 1990s and 2000), estimating them both via OLS and
Quantile Regression, and emphasizing the informative power of
the latter methodology, compared to a standard OLS estimation
for the average individual.
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erature on education returns, and they confirm the evidence of
higher female returns. We interpret this result as due to a stronger
effect of the endogeneity bias and ability bias on female estimates,
assuming a stronger intergenerational persistence and a higher
correlation between the ability (and liquidity constraints) of
women and that of their families.
The new results come from the quantile regression estimates.
The estimated coefficients of schooling years display a U-shaped
pattern with quantiles. Hence we notice that the increment in
earnings for individuals at the lowest and the highest quantiles
should be higher in order for them to maintain their quantile in
the distribution, after studying one year longer. In other words,
we do not observe a simple shift of the distribution of earnings
when τ varies, but its scale and its shape also change. In terms
of substitutability/complementarity between ability and education,
we consider the two factors as substitutes at the lowest quantiles,
and complements at the highest ones (corresponding to the most
skilled individuals).
The most interesting aspect we find in relation to the speci-
fication with the educational dummies is the different behavior
displayed by the estimated coefficients of the three levels of edu-
cation. In fact, the returns to attaining a junior high school diplo-
ma fall into the bandwidth of the OLS estimate, for almost every
quantile and sample. But this pattern changes when we analyze
the behavior of estimated coefficients for “high school” and “ter-
tiary education”. The first display a convex pattern across quant-
iles (education-ability substitutability for low ability individuals,
complementarity for high ability individuals), similar to our find-
ings for the year-of-schooling estimates. Hence, the shape of the
conditional distribution of earnings changes for those who
achieved a high school diploma with respect to the distribution
of individuals with a primary education. The estimated coefficients
of “tertiary education” display variability across quantiles, too. In
particular they tend to increase when the quantile increases (com-
plementarity between ability and education).
We  can thus appreciate the capacity of the models based on
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the entire distribution of incomes, and their resulting attractive-
ness for further economic studies. Unfortunately, the treatment is
often subject to endogeneity or self-selection, so that not even
standard quantile regression (and not only the OLS estimator) pro-
vides consistent estimates of the treatment effect. This constitutes
the main limit of this work (and also a starting-point for further
studies), given the endogeneity problem that typically character-
izes the educational acquiring decision. In fact, some estimation
methodologies have been proposed in literature, applying quantile
regression and instrumental variables jointly (Honoré and Hu
2004; Arias, Hallock and Sosa-Escudero 2001; Chernozhukov and
Hansen 2001). A future development of this empirical study on
Italian data could therefore be an estimation of education returns
by applying one of the cited models, in order to combine the in-
formation advantages of a quantile regression approach with those
of instrumental variables, thereby allowing us to address endo-
geneity and heterogeneity problems affecting educational choices.
Another direction of development of this work
14 would entail
estimating richer specifications, that include for instance, on the
one hand final grades of diploma or laurea, on the other hand
some variables capturing the sector or the job qualification of in-
dividuals. Controlling for the latter kind of variable would allow
the researcher to carry on a study focused on specific sectors, dis-
tinguishing between public and private sectors. As far as Italy is
concerned, this last aspect is dealt with for instance by Brunello,
Comi and Lucifora, 2001, that actually perform OLS end IV esti-
mation. The first proposal can be viewed as referring to that lit-
erature, following Griliches, 1977, that uses grades reported in
standardized exams (e.g. the IQ test) as variables capturing the
unobservable ability. A general “contra” of this approach consists
of implicitly defining the ability concept, consequently capturing
only a certain “kind of individual ability”.
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14 I wish to thank an anonymous referee for pointing this out.APPENDIX
1. - From the Location to the Regression Model: Quantiles via
Optimization
Any real valued random variable Y may be characterized by
its distribution function:
F(y) = Prob(Y ≤ y)
For any 0 < τ < 1, the τ -th quantile of Y is defined as:
(32) Quant(τ ) = inf{y|F(y) ≥τ }
where the median, Quant(1/2), plays the central role. Like the dis-
tribution function, the quantile function provides a complete char-
acterization of the random variable Y.
The quantiles may be formulated as the solution to a simple
optimization problem. For any 0 < τ < 1, define the following
piecewise linear check function:
(33) ρ τ (u) = u(τ – 1{u ≤ 0})
illustrated in Graph 1.
Minimizing the expectation of ρ τ (Y –  ξ ) with respect to ξ ,
yields solutions ξ  (τ ), the smallest of which is Quant(τ ), defined in
equation (2). Formally, one can write:
ξ∈  
min E [ρ τ (Y – ξ )]
or, equivalently,
ξ
* (τ )=a r gminξ∈   E [ρ τ (Y – ξ )]
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(34) Quant (τ )=inf ξ
*(τ )
The sample analogue of Quant(τ ), from a random sample {y1,






ρ τ (yi – ξ )
that is:
ξˆ* (τ )=a r gminξ∈   ∑
n
i=1




Quant (τ )=inf ξˆ* (τ )
Then, using:
u = – |u| · 1 {u ≤ 0} + |u| · (1 – 1{u ≤ 0}) =
= |u| · (1 – 2 · 1{u ≤ 0})





τ –1 τthe check function can be usefully rewritten as follows:
ρ τ  (u) = |u|(1 – 2 · 1{u ≤ 0})(τ – 1{u ≤ 0})
= |u|(τ – 2τ · 1{u ≤ 0} + 1 {u ≤ 0})
= |u|(τ · 1 {u ≤ 0} + (1 – τ ) · 1 {u ≤ 0})
from which we get, for instance, that the median corresponds to:
(36)
while the other quantile are obtained by weighting positive and
negative residuals differently (i.e. in an asymmetric way).
To  understand the validity of the above formulation, let con-
sider the objective function:
(37)
The derivative of this function with respect to ξ (except that
for yi = ξ , at which the derivative does not even exists) is:
(38)
If the fraction of the observations with yi ≤ξ is equal to τ ,
the derivative is zero:
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Quantile Regression Evidence, etc.This last expression represents the condition on residuals. In
fact, being ξ τ the τ -th quantile, the number of negative and zero
residuals will be exactly nτ .
While it is more common to define the sample quantiles in
terms of the order statistics (constituting a sorted rearrangement
of the original sample), their formulation as a minimization prob-
lem has the advantage that it yields a natural generalization of
the quantiles to the regression context.
Just as the idea of estimating the unconditional mean, viewed
as the minimizer:
can be extended to estimation of the linear conditional mean func-
tion E(Y|X = x) = x'iβ by solving:
the linear conditional quantile function:
(39) Qτ (Y|X = x) = x'iβ τ
can be estimated by solving:
(40)
2. - Quantile Regression and Linear Programming
It can be easily shown that the problem (18) is representable
as a linear program. As an appealing consequence of this fact,
both under a theoretical and practical view point, linear pro-
gramming can be used to better characterize the solution βˆ
τ to the
problem (40). In particular, the Duality Theorem and the Equilib-
     
ˆ argmin βρ β τ β ττ
τ =− ′ () ∈




     
ˆ argmin ββ
β =− ′ () ∈





     
ˆ argmin µµ µ =− () ∈
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of the solution itself and on its sensitivity to the “outliers” (Buchin-
sky, 1995).
Consider the reference model:
yi= x'iβ τ +ui
(41)
Qτ (yi|xi) = x'iβ τ
with Qτ (uτ i|xi) = 0 (by construction), and the minimization prob-
lem (18):
(42)





τ j ≥ 0, β
2
τ j ≥ 0 (with j = 1, ..., k), and u
+
τ j ≥ 0, u
–
τ j ≥ 0 (i = 1,
..., n).
Therefore, problem (18), in terms of the component of (43),
takes the following formulation:
or, equivalently, in a more compact (matrix) notation:
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Quantile Regression Evidence, etc.where A = (X, – X, In, – In) is a matrix n ×  (2n + 2k); y = (y1, …,
yn)' is a vector n × 1 collecting the observations on the dependent








τ )' is a vector (2k + 2n) × 1; c = (0', 0',
τι ', (1 – τ )ι')'; X = (x1, …, xn)' is a matrix n × k with the i-th row
given by x
'
i, with i=1, ..., n; In is an identity matrix with dimen-
sion n; 0' is a vector k × 1 of zeros and ιis a vector n × 1 of ones.




τ are used in such a way
to make the constraints binding, so that the program is expressed
in its standard form, according to the transformation rules of LP.
Generally, the constraints would be inequalities, in the canonic
form of the program: in fact, for the observations on the depend-
ent variable lying below the hyperplane, yi – x
'
iβ τ < 0; while for the
observations above it, yi – x
'
iβ τ > 0. In other words, the term uτ i is
not constrained in its sign. Such a program represents a Primal
Problem, while its Dual Problem is defined as:
It is approximately equivalent to the FOC’s of the minimiza-
tion problem (eq. (20)) Buchinsky (1995).
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